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Stresses in an Infinite Elastic Slab of
Nonhomogeneous Transversely

Isotropic Material
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Basanti Debi College, Calcutta, India

THE object of this paper is to find the displacement and
stresses in an infinite slab of transversely isotropic non-

homogeneous material that has a symmetrical distribution
of shearing stresses over a circular area on the face z = 0,
whereas the face z = b is rigidly fixed. The elastic moduli
are supposed to vary exponentially with the depth.

The origin is taken on the free surface z = 0 of the infinite
slab, and the axis of z is drawn into the body at a right angle
to this plane. Assuming the axis of z to be the axis of sym-
metry in a transversely isotropic material, the following
stress-strain relations are obtained:1

Pxx = enex
pyy = enex eneyy

eyy)

Pxy = [(en - eu)/2]exy

The equations of equilibrium in absence of body forces are

b , b , b

(1)

(2)

The components of strain are

exx = du/c)x eyy = ~bv/~by ezz =

exy = (du/by) + (bv/bz) eyz = (bio/by) + (bv/bz)

where $ is a function of coordinates.
Then the stress components are obtained as

pyy =

pyz =
pzx = - (5)

= 0

in which A = en — ei2 and G = e44. Assuming A = A0e-mz

and G = GQe~mZ and using these relations in (5) and (2), one
finds that the third equation is satisfied identically and that
the other two give

(6)

These are satisfied if

(7)

where /b0
2 = 2(r0/A0.

Transforming this equation into cylindrical coordinates
(r,0,0), one obtains for an axially symmetric distribution of
stresses

_^ _ —- + k 0
2

dr2 r dr — m — - = 0dz / (8)

To solve this equation, assume that 0 = R(r)Z(z)\ then
(8) reduces to

(\/r)(dR/dr) (9)
and

- mV(dZ/dz) - a*Z = 0 (10)

Therefore, the solution of (8) is

<t> = f™ [Atf™ + Blenzz]JQ(ar')da (11)J o

where ni,2 = MCO ± (mV + 4a2)1/2]/2/c0.
The components of displacement and stress are obtained

as

ue = - f"J o

= -G0 f 0

•/ o

° (12)

To obtain the boundary conditions, assume the shearing
stress at the boundary z — 0 to be acting within a circular
area of a radius a and to be given by the functions

Ue = 0 on z = b

To solve the problem, assume

1
r O.lo

O0)2=cA/Q -0.0008

V Pez = 0 on
pi = F(r)

w = 0 (4) where Q is a constant.

Table 1

2 3

0.2a 0.3a
-0.0015 -0.0024

z = 0
= Qr on 2 = 0

4
0.4a

-0.0031

a < r (13)
0 ^ r $ a

5

0.5a
-0.0038
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Applying the boundary conditions in the first and second
equations of (12), one obtains

Qa*
(14)

and

BI = — ji

Then the displacement (ue)z=o is given by
e(nz — ni)b _

« (15)

To get an idea of how the displacement UQ changes on z = 0
for different values of r, take m = b = 1 and a = kQ = 0.5.
The result is given in Table 1 .

Similar Solutions in Boundary Layer
Slip Flow

A. Pozzi*
University of Naples, Naples, Italy

SOME methods of solution for the boundary layer slip-
flow problem have been suggested (see, e.g., Refs. 1-3).

To check the accuracy of these solutions, one needs to com-
pare them with exact solutions. The purpose of this note
is to show how an exact solution can be obtained by means
of the similar-solutions technique.

The basic equation of the incompressible boundary layer
in terms of Von Mises' nondimensional coordinates can be
written as

UUX = UeUeX + U(UUy)y (1)

where Ue is the outer velocity, with the following boundary
conditions:

uy(x,0) = k (2)

u(x,*>) = Ue (3)
. W(0,2/) = g(y) (4)

Now put uz = f(x) F(z), with z = y/h(x).
The functions f(x) and h(x) must be found from Eqs. (1)

and (2); one obtains
/i/2 _ /, _ 77 — i i rt*.J — i(j — \J e — J- \ ^^

To obtain the function F(z), one needs to solve the follow-
ing equation:

F - (zF'/2) = 1 + (FUW/ZC) (5)
with the boundary conditions

F(oo) = 1 F'(0) = 2&F1/2(0)

Observe that the function g(y) of Eq. (4) is given by F(y).
Equation (5) has been solved numerically, and the results
are shown in Fig. 1 for C = 0.5 and k = 1. Now a satis-
factory approximate solution is given which is obtained by
substituting for F1/2 in Eq. (5) a mean value FTO

1/2(0 < Fm <
1). One has then

F = 1 + A(l + 2f)(l - (7rD-1/2 exp(-f) X
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Fig. 1 Exact and approximate velocity function

where xFi is the confluent hypergeometric function, f =
Cz*/2Fm

l/2, and the constant A is given by

A = 4C
irk (k*Fm 8*V/»V

~ 4 (~C^ + -^)

In Fig. 1 is shown this approximate function obtained by
assuming for Fm the value 0.5.
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Stress Concentrations around a Small
Rigid Spheroidal Inclusion on the Axis

of a Transversely Isotropic Cylinder
under Torsion
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Introduction

IN this note, stresses due to a small rigid inclusion in the
form of an oblate spheroid situated on the axis of a large

transversely isotropic cylinder under torsion have been found.
A corresponding problem for a spherical inclusion in a similar
medium was considered by Chatter ji.2 From the results
obtained here, stresses due to a rigid inclusion in the form of
a prolate spheroid can be deduced by suitable modification.

Solution

The strain-energy function of a transversely isotropic
material in cylindrical coordinates is given by

where

Ci2 = en — 2c66

Considering the large twisted cylinder under torsional stresses

Received by IAS March 12,1962.
* Department of Mathematics.


