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Stresses in an Infinite Elastic Slab of
Nonhomogeneous Transversely
Isotropic Material
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HE object of this paper is to find the displacement and

stresses in an infinite slab of transversely isotropic non-
homogeneous material that has a symmetrical distribution
of shearing stresses over a circular area on the face z = 0,
whereas the face z = b is rigidly fixed. The elastic moduli
are supposed to vary exponentially with the depth.

The origin is taken on the free surface z = 0 of the infinite
slab, and the axis of z is drawn into the body at a right angle
to this plane. Assuming the axis of z to be the axis of sym-
metry in a transversely isotropic material, the following
stress-strain relations are obtained:?

Pzz = €11€zz + €12€yy + €13€2z

Pyy = €19€:s + eneyy + €156z

Pzz = e13(ess + eyy) + essezs (1)
pyz = 64461/2

P2z = €ubzz

Pzy = [(eu — 612)/2]ezy

The equations of equilibrium in absence of body forces are
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The components of strain are
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where ¢ is a function of coordinates.
Then the stress components are obtained as
Pz = — A(D%¢p/020y) Dy = G(O2/02dz)
Puy = A(0%¢/02dy) Pz = —G(0%¢/0y02) 6)
Py’ = (4/2)[(0%9/0Y) — (%¢/0y%)]

in which 4 = e — ez and G = ey. Assuming 4 = Age™™
and G = Goe " and using these relations in (5) and (2), one
finds that the third equation is satisfied identically and that

the other two give
O T4 (221 29) 1 (2 -0 29)] -
by[Q <bx2 Tl "My )| 0

P2z =0

(6)
02 02¢ o' bd)
oz [2 <bx2 > + G <Oz2 " % )] 0
These are satisfied if
% aiﬁ ¢ 90\ _
ox? T + ko <bz2 bz) =0 ™
where ko> = 2Go/ A.

Transforming this equatipn into cylindrical coordinates
(r,8,¢), one obtains for an axially symmetric distribution of

stresses
bz¢+ 10¢ kgz(gz—d—)~m9?> -0 ®)

or? 7 or 0z? 0z
To solve this equation, assume that ¢ = R(r)Z(2); then
(8) reduces to

(d*R/dr?) + (1/r)(dR/dr) + a*R = 0 9
and

k(d*Z/de?) — mk*(dZ/dz) — o?Z = 0 (10)

Therefore, the solution of (8) is
= [[7 L + Bior=)i(an)de an

where ny s = [mko &= (m2ke? + 4a®)V2]/2k,.
The components of displacement and stress are obtained
as

?Ag=—j; (24
Pez='—Goj; [24

Drg = 1—(;—0 {j;m a? [Aelm—mz | Ble("z_m)z]}Jg(aT)da (12)

[Aem# + Bie™?*]J1(dr)da

[Alnle("‘_m)z + B1n28(n2_m)z]J1(0ﬂ')da

To obtain the boundary conditions, assume the shearing

€er = OU/OT v = Ov/dy = Jw/dz stress at the boundary z = 0 fo be acting within a circular

. = Qu/dy) + (dv/oz) = Qu/dy) + (v/22) area of a radius a and to be given by the functions

= ug = 0onz=2>
(0u/0z) + (ow/oz) 3) pe: = Oonz =0 a<r (13)
To solve the problem, assume po. = F(@) = Qronz =0 0<r<ga
u = —(0¢/0y) v = Jd¢/Ox w =10 @ where @ is a constant.
Table 1
1 2 3 4 5
r 0.1a 0.2a 0.3 0.40 0.5a
(10)2=0Go/Q —0.0008 —0.0015 —0.0024 —0.0031 —0.0038

Received by TAS August 22, 1962. The author is grateful to B. Sen for his kind help and valuable guidance.

* Lecturer in Mathematics.

! Love, A. E. H., A Treatise on the Mathematical Theory of Elasticity (Dover Publications, New York, 1927), 4th ed., p. 160.



MAY 1963

Applying the boundary conditions in the first and second
equations of (12), one obtains

ng- JQ(CE(Z)éB(m_m)b

Ay = e S
Goa 'ﬂl e(nz—nl)b — Ny

(14)

and
Bl — __Ale(m—m)b

Then the displacement, (ug).—0is given by
Qa2 © e(m—m)b -1
(Ug)zmo = G j; e e — Jo(aa) S (ar)da  (15)

To get an idea of how the displacement uy changes on z = 0
for different values of », take m = b = 1l and a = &y = 0.5.
The result is given in Table 1.

Similar Solutiens in Boundary Layer

Slip Flow
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OME methods of solution for the boundary layer slip-
flow problem have been suggested (see, e.g., Refs. 1-3).
To check the accuracy of these solutions, one needs to com-
pare them with exact solutions. The purpose of this note
is to show how an exact solution can be obtained by means
of the similar-solutions technique.
The basic equation of the incompressible boundary layer
in terms of Von Mises’ nondimensional coordinates can be
written as

Uz = UeUez + u(uuy>y (1)

where U, is the outer velocity, with the following boundary
conditions:

uy(2,0) = k 2
u(x,») = U, (3)
u(0,y) = g ey

Now put u? = f(z) F(z), with z = y/h(z).
The funections f(x) and A(z) must be found from Eqs. (1)
and (2); one obtains

ffr=h=U,=1+4 Cz

To obtain the function F(z), one needs to solve the follow-
ing equation:

F — (eF'/2) = 1 4 (FY2F"/20) (5)
with the boundary conditions
F(eo) =1 F'(0) = 2kF12(0)

Observe that the function g(y) of Eq. (4) is given by F(y).
Equation (5) has been solved numerically, and the results
are shown in Fig. 1 for ¢ = 0.5 and k = 1. Now a satis-
factory approximate solution is given which is obtained by
substituting for FV/2 in Eq. (5) a mean value F,,12(0 < F,, <
1). Onehasthen

F=14+A042001 — ()2 exp(~¢) X
LF(1,3.0) — [1/Q + 201D
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Fig.1 Exact and approximate velocity function

where 1F; is the confluent hypergeometric function, { =
Cz?/2F ,'12, and the constant A is given by

TRF2 ok <k2Fm 8}%1/2)1/2

i\ 7C

4= "1 4

In Fig. 1 is shown this approximate function obtained by
agsuming for F,, the value 0.5.
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Introduction

N this note, stresses due to a small rigid inclusion in the
form of an oblate spheroid situated on the axis of a large
transversely isotropic c¢ylinder under torsion have been found.
A corresponding problem for a spherical inclusion in a similar
medium was considered by Chatterji.2 From the results
obtained here, stresses due to a rigid inclusion in the form of
a prolate spheroid can be deduced by suitable modification.

Solution

The strain-energy function of a transversely isotropic
material in ¢ylindrical coordinates is given by

W = geulen® + epp?) + demen® +
ciz(err + egp)ee: + 1061699 +
'5—044(6922 + 6722) + %0666792
where
c12 = Cn — 2¢e

Considering the large twisted cylinder under torsional stresses
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